Expectation values of the Breit operators and the Q terms are calculated for HD + with the vibrational number v = 0−4 and the total angular momentum L = 0−4. Relativistic and radiative corrections to some ro-vibrational transition frequencies are determined. Numerical uncertainty in R∞α 2 order correction is reduced to sub kHz or smaller. Our work provides an independent verification of Korobov's calculations [Phys. Rev. A 74, 052506 (2006); 77, 022509 (2008)].
I. INTRODUCTION
Hydrogen molecular ions, such as H + 2 and HD + , can be used [1, 2] to deduce an improved value of the protonelectron mass ratio by comparing experimental and theoretical spectroscopic data. To this end, several experiments have been setup for measuring high precision transition frequencies in HD + [3, 4] and H + 2 [5] . For HD + in particular, the (v, L) = (4, 3) → (0, 2) transition frequency has been measured at the 2 ppb level [3] . In order to reduce the current uncertainty of 4.1 × 10 −10 [6] in the proton-electron mass ratio, both experiment and theory should reach a precision of sub-kHz or better.
For light systems, nonrelativistic QED (NRQED) [7, 8] approach is used to expand the energy in powers of the fine structure constant α. Nonrelativistic energies of H + 2
and HD
+ have been variationally calculated at the precision of 10 −15 [2, 9] for a wide range of vibrational states and at the precision of 10 −30 [10] [11] [12] [13] [14] for some low vibrational states. Relativistic and radiative corrections of order R ∞ α 2 , R ∞ α 3 , R ∞ α 4 , and R ∞ α 5 have been systematically calculated [15, 16] (1, 0) , and (0, 1) [17] . Recently, improved values of R ∞ α 3 order corrections have been achieved by an intensive calculation of the Bethe logarithm term [18] .
The purpose of this Brief Report is to present our independent calculations of the Breit operators and the Q terms for the HD + ro-vibrational states (v = 0−4, L = 0 − 4). Some important ro-vibrational transition frequencies are determined, which provides a verification of Korobov's theoretical work. In addition, the numerical results presented here might serve as a benchmark for other theoretical methods. We use atomic units ( = e = m e = 1), unless otherwise stated. The fundamental physical constants involved are taken from the 2010 CODATA recommended values [6] .
II. THEORY
Consider the hydrogen molecular ion HD + . After separating the center of mass coordinates for the system, the eigenvalue problem for the nonrelativistic Hamiltonian H 0 becomes [14] 
where r 1 and r 2 represent respectively the position vectors of the electron and proton, relative to the deuteron situated at the origin,
is the Coulomb interaction, and r 12 = r 1 − r 2 . The energy eigenvalue problem for H 0 is solved variationally using the basis set in Hylleraas coordinates
is the vector coupled product of spherical harmonics for the electron and the proton to form a common eigenvector of L 2 and L z . More details on the construction of basis set for HD + may be found in [12, 14] . It should be pointed out that this basis set differs from the one used by Korobov [15, 16] . The basic type of integrals required in the calculation of matrix elements can be evaluated analytically [19] using Perkins' expansion for r k 12 . The procedure for handling singular integrals that appear in the evaluation of Breit operators can be found in [20] .
The leading-order relativistic corrections due to the Breit operators are well established, which can be found in Refs. [21] [22] [23] . The complete spin-independent part of order R ∞ α 2 term is
where
where In the above, the Darwin term π/(2m 2 p )δ(r 12 ) is the nuclear spin dependent recoil correction for the spin- 1 2 particle, such as proton. This term vanishes in case of spin-0 or spin-1 nucleus, such as the 4 He nucleus or deuteron [24] . It is noted that δ(r 2 ) is virtually zero due to the molecular nature of the system. Furthermore, the spin-independent radiative correction of order R ∞ α 3 may be expressed as [25] [26] [27] :
where β(v, L) is the Bethe logarithm, Q(r 1 ) and Q(r 12 ) are the Q terms introduced by Araki and Sucher [28] ,
and γ E is the Euler gamma constant. For higher order corrections, such as orders R ∞ α 4 and R ∞ α 5 , we follow the work of Ref. [16] . Thus, R ∞ α 4 order non-recoil relativistic and radiative corrections may be express as follows [16] :
where E (4) rel is the R ∞ α 4 order relativistic correction. Since the electron is almost bounded in the ground state of hydrogen molecular ion, its wave function can be approximately expressed as a linear combination of two hydrogen-like wave functions ψ e (r e ) = C[ψ 1s (r 1 ) + ψ 1s (r 12 )]. Therefore, the most important R ∞ α 5 order correction can be estimated using this approximate wave function [16, 23] 
where the constants A 61 , A 60 , and B 50 are taken to be the constants of the 1s state of the atomic hydrogen, In addition to the relativistic and radiative corrections, one also needs to consider the contribution from the finite nuclear charge distribution. The leading-order correction is
where R p = 0.8775(51) fm and R d = 2.1424(21) fm [6] are the root-mean-square charge radii of proton and deuteron respectively.
III. RESULTS
With the Hylleraas-type basis set of Eq. (3), the wave functions along with the corresponding nonrelativistic energies are obtained by solving Eq. (1) variationally. Then the expectation values of the Breit operators can be evaluated. In particular, the global operator method [32] is applied to the evaluations of
4 , δ(r 1 ), and δ(r 12 ). As an example, Table I shows a convergence study for the expectation values of δ(r 1 ) and δ(r 12 ). One can see that an accuracy of about 11-12 significant figures is achieved for the most difficult state of (4, 4) , where the nonrelativistic energy is calculated only to 16 digits. We summarize the contributions up to R ∞ α 5 to two rovibrational transition frequencies in Table VI , where the values of the Bethe logarithm are taken from Ref. [18] and the R ∞ α 4 order relativistic correction E
rel taken from Ref. [16] . For the (1, 0) → (0, 0) transition, the numerical uncertainty in ∆E α 2 has been reduced from 1 kHz in Korobov's value to the present 8 Hz, which is due entirely to the uncertainties in the fundamental constants. [15] The correction ∆E α 3 to this transition has been obtained in Ref. [18] and reproduced here. The recoil correction of R ∞ α 4 (m/M ) and higher contributes at the level of relative 10 −10 −10 −11 , which causes a theoretical uncertainty of 1 kHz in ∆E α 4 . The largest uncertainty for the transition (1, 0) → (0, 0) comes from the theoretical uncertainty of ∆E α 5 . The uncertainty in ∆E nuc is due to the uncertainties in the proton and deuteron charge radii. For the transition (4, 3) → (0, 2), both experimental [3] and theoretical [16] results are available. In our calculation for this transition, although the uncertainties in ∆E α 2 and ∆E α 3 have been reduced to sub kHz, the [15] are listed in the second entry of each ro-vibrational state.
(v, L) R dp R de Rpe (0, 0) 5.35463051901711943 (7) total uncertainty in the transition frequency remains as large as 70 kHz, which is from the ∆E α 5 term.
In summary, we have presented an independent calculation of the Breit operators and the Q terms for the HD + ro-vibrational states (v = 0 − 4, L = 0 − 4), which provides a verification of previous theoretical results. + with v = 0−4 and L = 0−4, where the second entry lists Korobov's results [15] . 
